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THE MULTIPLICITY OF EIGENVALUES OF THE HODGE 
LAPLACIAN ON 5-DIMENSIONAL COMPACT MANIFOLDS 


MEGAN E. GIER AND PETER D. HISLOP 

Abstract. We study multiplicity of the eigenvalues of the Hodge Laplacian 
on smooth, compact Riemannian manifolds of dimension five for generic fam¬ 
ilies of metrics. We prove that generically the Hodge Laplacian, restricted to 
the subspace of co-exact two-forms, has nonzero eigenvalues of multiplicity 
two. The proof is based on the fact that Hodge Laplacian restricted to the 
subspace of co-exact two-forms is minus the square of the Beltrami opera¬ 
tor, a first-order operator. We prove that for generic metrics the spectrum 
of the Beltrami operator is simple. Because the Beltrami operator in this 
setting is a skew-adjoint operator, this implies the main result for the Hodge 
Laplacian. 
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1. Statement of the problem and results 

The multiplicity of the L^-eigenvalues of the Laplacian Ag ^ 0 on a smooth 
compact manifold (M, g) is linked with the symmetry of the manifold. Generally 
speaking, the multiplicity of an eigenvalue is reduced under perturbations of the 
Laplacian. In the seventies, Uhlenbeck |22] and Albert [T] studied this question 
for generic classes of metric and potential perturbations. For a Riemannian 
manifold (M, g(o), Uhlenbeck proved that a generic, local perturbation of the 
metric go ^ go + Sg, with support 6g C U C M, an open set, removes all 
multiplicities. That is, the eigenvalues of Ag^^sg are simple (that is, have 
multiplicity one) for a generic set of perturbations 5g supported in 17 C M. 

In light of Uhlenbeck’s result for the Laplace operator on functions, one 
might wonder if the nonzero eigenvalues of the Hodge Laplacian ^ acting 
on fc-forms might likewise be simple for a residual set of metrics. Soon after 
Uhlenbeck published her theorem, Millman [18j noted that on a manifold of even 
dimension 2n, the McKean-Singer telescopage theorem [5] implies that all the 
nonzero eigenvalues of the Hodge Laplacian acting on n-forms (forms of middle 
dimension) have even multiplicity. While Millman’s observation precludes a 
general extension of Uhlenbeck’s theorem to the Hodge Laplacian, it is possible 
for analogues to hold under appropriate hypotheses. 

In 2012, Enciso and Peralta-Salas m proved that on a closed 3-manifold, 

there exists a residual set of C"’ metrics, r ^ 2, such that the nonzero eigenval- 

(k) 

ues of the Hodge Laplacian , for 0 ^ A; ^ 3, all have multiplicity 1. They 
structure their proof around the study of the Beltrami operator *gd restricted 
to co-exact 1-forms, which they show to have simple spectrum by a similar 
transversality theory argument as employed by Uhlenbeck. The Beltrami op¬ 
erator *gd restricted to co-exact 1-forms is self-adjoint and its square, on the 

same subspace, is the Hodge Laplacian restricted to this invariant sub¬ 

space. Consequently, the Hodge Laplacian restricted to this subspace also has 
simple nonzero eigenvalues. This fact, when combined with the Hodge decom¬ 
position and Uhlenbeck’s theorem for the Laplace operator acting on 0-forms 
(functions), and Hodge duality, allow Enciso and Peralta-Salas to conclude their 
simplicity result for Ag^\ The generic simplicity of the nonzero spectrum of 
the Hodge Laplacian acting on A:-forms for 0 ^ A: ^ 3 follows from Uhlenbeck’s 
theorem for A: = 0, their result for A: = 1, and Hodge duality for k = 2 and 
k = 3. 

In this paper, we extend the method centered on the Beltrami operator, as 
introduced by Enciso and Peralta-Salas [l2] , to study the generic nonzero eigen¬ 
value multiplicities of the Hodge Laplacian on closed 5-manifolds. In particular, 

we will prove that for a residual set of metrics, for any r ^ 2, the nonzero 

( 2 ') 

eigenvalues of the Hodge Laplacian A^ acting on co-exact 2-forms have mul¬ 
tiplicity 2. Instead of transversality, we employ the direct perturbation theory 
method used by Albert [T] (also used by Colin de Verdiere [9]). 

In order to state the main theorem, we recall the de Rham complex of real 
differential forms over M. The de Rham complex for {M,g) consists of the 
spaces A^(M) of smooth A:-forms on M and the differential maps d : A^(M) —)■ 
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for k = 0,...,n. Each A^(M) is a pre-Hilbert space with inner 
product given by 

{u,v)g = / u A {*gv) for tt, u G A^(M), (1-1) 

Jm 

where A is the wedge product and *g : A^{M) —)■ is the Hodge star 

operator. We denote the closure of A^(M) in the related norm by L?{M, A^). In 
the discussion of the Beltrami operator in section [2] we will work with complex¬ 
valued forms that we denote by A^(M). In this case, the form {*gv) in the 
inner product (II. ip is replaced by its complex conjugate denoted by {*gv). The 
adjoint of d with respect to this inner product is the codifferential operator 5g : 
A^^^{M) A^(M). Our primary operator of interest is the Hodge Laplacian, 

the second order differential operator given by = d5g + 6gd, acting on its 

natural domain in L^(M, A^). 

(k) 

The operators A^ , d, and 5g allow us to define the following subspaces of 
A^(M). The space of harmonic /c-forms on M is 

n^M) = {ue A^(M)| Aj^^n = 0}, 

the space of exact /c-forms is 

dA^-^{M) = {uG A*=(M)| u = dv for some v G A’^-^iM)}, 

and the space of co-exact /c-forms is 

6gA’^+\M) = {n G A^(M)| u = 6gW for some w G A’^+\M)}. 

The Hodge Decomposition Theorem guarantees that any fc-form can be uniquely 
written as the sum of a harmonic form, an exact form, and a co-exact form: 

Theorem 1.1. [19] On an oriented compact Riemannian manifold {M,g), the 
space A^(M) can be decomposed as 

A^(M) = © dA^-^{M) © 5gA^+^{M). 

The space of harmonic forms is finite dimensional. 

The result extends to an orthogonal decomposition of L^(M, A^). If 
H^(M, A^) is the Sobolev space of /c-forms, then L^(M, A^) = TL^{M) © 
dH^{M,A^~^) ® 6gH^{M, see, for example, [H] Theorem 1.5.2]. 

The Beltrami operator *gd maps fc-forms to n — k — 1-forms, with the ranks 
of the forms coinciding precisely when n = 2k + 1. In particular, the manifold 
must be of odd dimension. In the case studied by Enciso and Peralta-Salas with 
n = 3, the Beltrami operator maps 1-forms to 1-forms. The spectrum of the 
Hodge Laplacian restricted to exact 1-forms follows from Uhlenbeck’s analysis 
of the spectrum of the Laplace-Beltrami operator on 0-forms since the exact 
1-forms have the form df. On co-exact 1-forms, the Hodge Laplacian equals a 
phase factor times the square of the Beltrami operator. Hence, by the Hodge 
decomposition, the spectrum of the Hodge Laplacian on 1-forms is determined 
by the Beltrami operator. By Hodge duality, this determined the spectrum of 
the Hodge Laplacian on 2-forms. 
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The next dimension for which the Beltrami operator may be used to study 
the spectrum of the Hodge Laplacian is n = 5. In this case, the Beltrami 
operator maps 2-forms to 2-forms. In particular, the square of the Beltrami 
operator acting on co-exact 2-forms is minus the Hodge Laplacian acting on 
co-exact 2-forms. Consequently, the Beltrami operator may be used to study 
the spectrum of the Hodge Laplacian restricted to the invariant subspace of 
co-exact 2-forms. 

Theorem 1.2. Let M be a closed, 5-dimensional Riemannian manifold. Let r 
he an integer with r ^ 2. There exists a residual subset T of the space of all C"" 

metrics on M such that, for all g T, the nonzero eigenvalues of the Hodge 
( 2 ) 

Laplacian Ag acting on co-exact 2-forms have multiplicity 2. 

Our proof of Theorem ll.2l centers on an investigation of the Beltrami operator 
*gd. Using perturbation theory inspired by Albert [T], and a density argument of 
Colin de Verdiere [9], we will show that for a residual set of metrics, the Beltrami 
operator restricted to co-exact 2-forms has only simple eigenvalues. We will 
then explore the relationship between the spectrum of the Beltrami operator, a 
skew-adjoint operator, and that of the Hodge Laplacian on co-exact 2-forms. In 
particular, the origin of the generic multiplicity two of eigenvalues is the skew¬ 
adjointness of the Beltrami operator on 2-forms. This means the eigenvalues of 
the Beltrami operator are pure imaginary and the real and imaginary parts of 
the complex eigenforms give rise to independent real eigenforms of the Hodge 
Laplacian. The main result follows from this. 

1.1. The meaning of generic. In this article, the terms generic and generic 
property mean the following. Let X be a topological space. A set G C X will 
be called residual or generic in X if it is a dense G, 5 -set. That is, G = XjLiGj, 
where each Gj C X is dense and open in X. A property that is true for a 
residual subset of a topological space X is called generic. 

1.2. Discussion of the Beltrami and Hodge operators. The Beltrami 
operator may be used to study the eigenvalues of the Hodge Laplacian restricted 
to co-exact fc-forms only for certain pairs (n, k) of dimension n of the manifold 
and rank k of the forms. Before narrowing our focus to co-exact 2-forms on a 
5-manifold, we consider the more general properties of the Beltrami operator 
acting on /c-forms on an n-dimensional manifold. Since the Beltrami operator is 
the composition of *g and d, the operator is an isomorphism between 6gA^~^^{M) 
and 5gX^~^{M), that is, the spaces of real co-exact A:-forms and co-exact (n — 
k — l)-forms. The Beltrami operator may be extended to complex-valued forms 
by linearity. The extended Beltrami operator *gd : dgA^^{M) dgA^~^{M) 
is also an isomorphism. 

Lemma 1.1. Let M he an n-manifold. Then 

AW = {-l)^>^+\*gd)^ 

when restricted to co-exact, real or complex, k-forms. 
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Proof. If a; € SgA^^{M), then A^g'^oj = 5gdoj. In terms of the Hodge star 
operator, the co-differential operator 5g is 5g = (— *gd*g. Using this, 
we find 

A^a; = {-l)^^’^+^^+\*gd*g)du = i-l)'^’^+\*gdfu. 

The same calculation holds on 5gA^~^^[M). □ 

Lemma 11.11 implies that when restricted to co-exact forms, the Hodge 
Laplacian is given by = {*gd)‘^ if n and k are both odd; otherwise 

Ag^'^ = —{*gd)‘^. The parity of n and k also determine whether the Beltrami 
operator is self-adjoint or skew-adjoint. 

Lemma 1.2. Let M be an n-dimensional manifold, uj € H^(M,A%), and n G 
H\M,Al---^). Then 

{*gduj,ri)g = {-lY^"^^{u},*gdri)g. 

This result indicates that the Beltrami operator is self-adjoint if (n, k) are 
both odd and skew-adjoint otherwise. Combining this with the mapping prop¬ 
erties of the Beltrami operator, we make the following conjecture concerning the 
generic multiplicities of the nonzero eigenvalues of the Hodge Laplacian on odd 
dimensional manifolds: The nonzero eigenvalues of the Hodge Laplacian act¬ 
ing on co-exact A:-forms on an n = 2/c -|- 1-dimensional manifold are generically 
simple if k is odd and generically of multiplicity 2 if A: is even. 

1.3. Related work. Bleeker and Wilson [7] studied eigenvalue multiplicity for 

the Laplace-Beltrami operator (the Hodge Laplacian on 0-forms) under con¬ 
formal perturbations of the metric g ^ g, for / G M) and proved 

generic simplicity of the eigenvalues. More recently, Canzani [8] studied the 
question of generic eigenvalue multiplicity for conformally covariant, elliptic 
self-adjoint operators Pg on smooth sections of vector bundles over a compact 
Riemannian manifold {M,g). Canzani proved that there is a residual set of 
functions in C'°°(M, M) for which the corresponding operators Pgfg associated 
with the conformally deformed metrics e-^ g have simple nonzero eigenvalues. 
The perturbation theory employed there, similar to that used in the present 
paper, depends crucially on the conformal covariance of the operators Pg. In 
related work, Jakobson and Strohmaier m studied quantum ergodicity for, 
among other operators, the Hodge Laplacian restricted to co-closed fe-forms. 
In their study of quantum ergodicity for compact Kahler manifolds, Jacobson, 
Strohmaier, and Zelditch m Remark 4.2] conjectured that the spectrum of 
the Hodge Laplacian restricted to primitive, co-closed (p, g^j-forms is generically 
simple. 

1.4. Contents of the paper. The Beltrami operator is studied in section 
2. This is a skew-adjoint operator so the corresponding spectral problem is 
posed on the space of complex-valued 2-forms. It is shown in Theorem 12.11 that 
its eigenvalues are generically simple. The relation between the eigenvalues 
of the Beltrami operator and Hodge Laplacian is discussed in section 3. The 
main result. Theorem [L2l is proved in section 3, and states that the nonzero 
eigenvalues of the Hodge Laplacian acting on real-valued, co-exact 2-forms is 
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generically two. In the last section, we discuss the general question of the 
generic multiplicity of the nonzero eigenvalues of the Hodge Laplacian acting 
on 2-forms over a 5-dimensional manifold. 

2. Generic simplicity of the eigenvalues of the Beltrami operator 

The Beltrami operator *gd maps co-exact 2-forms to co-exact 2-forms on a 
5-dimensional manifold. If u; is a co-exact 2-form then it is easily found that 

= dgduj = —{*gd)‘^iO. 

Furthermore, the Beltrami operator is skew-adjoint on the domain 
in with the inner product m- Thus, in order to study the eigen¬ 

values of the Beltrami operator, we consider the Beltrami operator on the space 
of complex-valued 2-forms L^(M, A^). Acting on its domain A^), the 

Beltrami operator is skew-adjoint with purely imaginary eigenvalues. 

We are interested in the multiplicities of the nonzero eigenvalues of the Bel¬ 
trami operator restricted to the subspace of co-exact 2-forms. We define 

IC = {u£ L‘^{M,A^)\du = 0}, 

which is the set of all exact and harmonic 2-forms on M. We will use -Lg 
to specify orthogonality with respect to the inner product By Hodge 

decomposition, is the set of all co-exact 2-forms on {M,g). The spaces 
fC and /C"*"® consist of real 2-forms and will be used in section [3l In the present 
section in which we discuss the eigenvalue problem for the Beltrami operator, 
we will use the analogous spaces of complex-valued 2-forms, /Cc and . The 
main result of this section is the generic simplicity of the eigenvalues of the 
Beltrami operator on co-exact 2-forms. 

Theorem 2.1. The eigenvalues of the Beltrami operator *gd acting on the 
space H^{M, A^) n are all simple for a residual set of metrics, for any 
r ^ 2. 

The proof of Theorem 12.11 consists of a two parts. In the first, we focus on one 
degenerate eigenvalue iX of *gd. We prove that there is a real symmetric matrix 
h so that the metric g + eh has a cluster of at least two nearby eigenvalues, 
converging to zA as e —>■ 0. Each will have multiplicity less than that of iX. 
In the second step, we prove that generically all eigenvalue multiplicities are 
removed using an inductive argument of Albert [U Theorems 1 and 2] (see also 
Colin de Verdiere, [9l section 5]). 

2.1. Variation with respect to the metric. In this section, we compute the 
differential of the Beltrami operator *gd with respect to the metric g. Let Q^{M) 
denote the set of all metrics on the compact manifold M. The space S'^{M) 
consists of all symmetric tensor fields of class C"” and type (0, 2) and can be 
identified with the tangent space TgQ'^{M) at any g € Q^{M). Thus, D{*d)g{h) 
represents the variation of the Beltrami operator at the metric g G Q'^{M) in 
the direction of a symmetric (0, 2)-tensor h. The trace of h is given by 
tigh = g^^hij. The following lemma gives the local coordinate representation 
of D{*d)g{h) acting on an eigenform of the Beltrami operator. 
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Lemma 2.1. Let u € H^(M, A'^) be an eiqenform of *nd with eigenvalue iX. 
Then for any h E S^{M), 


{D{*d)g{h)u)ij 


i\ 


2 (^^9 h'i'Oiij A g htillmj “ 1 “ g htjUim 


( 2 . 2 ) 


Sketch of the proof. The proof of Lemma 12.11 is computationally long. We pro¬ 
vide an overview of the computations involved. Complete details are provided 
in [13t Appendix A]. First, we express the Beltrami operator in local coordinates 
by 

Next, using the formulas 


D{g^^){h) =—hX^ and D{\g\^){h) = s\g\^{tTgh) for s > 0, 


we compute 
{D{*d)g{h)u)ij 


g ^klmij 




du 


np 


du 


nq 


dx„ 


dxr 


+ 


du. 


>pq 


dXr, 


-(trg h)g’^^g^Pg'^^ - g^^g^Ph^^ - g^^g'^<ih^P - glPgmq^kn 


Finally, we utilize the eigenvalue equation *gdu = iXu to simplify the expression 
for {D{*d)g{h)u)ij . This results in the desired formula given in (|2.2p . □ 


2.2. A density result. The following density result states that any compactly- 
supported 2-form may be locally expressed in terms of a given non-vanishing 
form and a symmetric (0, 2)-tensor. 

Lemma 2.2. Let w E C"’(M, A^), r ^ 1, and consider a compact subset K C 
M\w~^{A). Then for any v E C'’’(M, A^) with suppu C K, there exists a 
symmetrie complex (0, 2)-tensor t E S^{M) sueh that Vij = tikg^^wij AWikg^hij. 

Sketch of the proof. Let w E C"’(M, A^), let AT be a compact subset of 
AI\w~^{0), and let v be any 2-form in C^{M,Aq) with suppu C K. To make 
the computations clearer, we will use matrix representations of the various 
forms and tensors. The 2-forms w and v correspond to the antisymmetric 5x5 
matrices that we denote by W and V, respectively. The 2-forms g~^ and t 
naturally correspond to the symmetric matrices denoted G~^ and T. The ma¬ 
trices W,V,G~^, and T are matrix-valued functions of p E M. The condition 
Vij = tikg^^wij -b Wikg^Hij for 1 ^ i, j ^ 5 translates into the matrix equation 
V = TG~^W -b WG~^T. Since G~^ is a symmetric positive-definite matrix, 
it has a symmetric positive-definite square root G~^^‘^. We thus obtain the 
equivalent equation 

V = fW + Wf, (2.3) 

where the matrices V = G~^/‘^VG~^/‘^ and W = G~^^‘^WG~^^‘^ are antisym¬ 
metric and T = G~^^‘^TG~^^‘^ is symmetric. 
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Let A4 denote the set of all C’’ 5 x 5 matrix-valued functions on M. We 
define a linear operator : Ai ^ A4 hy 

L^{X) := XW + WX. (2.4) 

Satisfying condition (|2.3I) amounts to finding a symmetric T G A4 such that 
Ly^(f) = V. The Sylvester equation L^{X) = XW -|- WX = V has a unique 
solution if and only if V is orthogonal to kerL^ (see, for example j6]). It 
is proved in m Appendix C] that each E G kerL^ is symmetric. By the 
antisymmetry of V, the matrix inner product of V with each E G kerL,^ is 


E-V 


5 

i,j=^ 

GijVij 

i<j i>j 

i<j i>j 

EijVij - ^'^Vij (reindexing) 
i<j i<j 

0 . 


Since V is orthogonal to kerL^, there exists an A G A4 such that V = XW + 
WX on K. From the antisymmetry of V and W, one easily shows that X^W + 
WX^ = V, so that solves the same equation as A. Thus, we define T to 
be the symmetrization T = ^[A -|-A^]. Hence, T = is a symmetric 

matrix-valued function such that V = TG~^W -|- WG~^T. We thus obtain 
from T the desired symmetric complex (0, 2)-tensor t G S^{M). □ 


2.3. Eigenvalue perturbation theory. To establish the generic simplicity 
of the eigenvalues of the Beltrami operator, we use standard results from 
perturbation theory as discussed in Rellich [20l chapter II, section 5, The¬ 
orem 3] and Kato [T7]. In particular, observe that the skew-adjointness of 
the Beltrami operator *gd when n = 5 and k = 2 implies that the operator 
i*g d : —>■ /C^® is self-adjoint with respect to the metric g and 

has real, isolated eigenvalues of finite multiplicity. We consider perturbations of 
the metric g —>■ g{e) := g+eh so the norm, and hence the Hilbert space, depends 
on e. We map these spaces to the e-independent Hilbert space L^(M, A^). We 
define a unitary operator 14 : 

TT - f 

Vdet5(e)J 

for any two-form lo G L^(M, A|.). Then the Beltrami operator T>^ := 
UE^{*g{e)d)Ue acts on L^(M, A^) and is unitarily equivalent to the Beltrami 
operator *g(e)d- Note that Eq = *gd. Furthermore, the set of co-exact two- 
forms in L^(M, A^, g'(e)) maps to the Dg-invariant subspace c. 

L\M,Al,g). 
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In this setting, we have the following perturbation theorem for linear pertur¬ 
bations of the metric. 


Theorem 2.2. Let A he an eigenvalue of i*g d : H^ 

of multiplicity m, and let g{e) = g + eh for some h € S'^{M). Then there 
are m functions £i{e),... ,£^{e) real-analytic at e = Q, and m functions 
U^{e),..., Ulf{e) E analytic in H^{M,A‘^) at e = 0, such that the 

following conditions hold: 

(1) £^(0) = \ for j = I ,... ,m; 

(2) iV,U!^{e) = l']{e)U^{e) /or j = 1,..., m; 

(3) For e in a small enough neighborhood of 0, {?7;{^(e),..., [/^(e)} is an 
orthonormal set in H^{M,A'^) n 

(4) For every open interval (a, 6) C M such that A is the only eigenvalue 

of i*g d in [a, 6], there are exactly m eigenvalues (counting multiplicity) 
i\{e),... of i*g{e) d in (a, b), for e sufficiently small. 


It will be convenient for the calculation in section [23] to write the eigenvalue 
equation in the second point of Theorem 12.21 in the following form. Since 

iV,u!^{e) = iU-\*g^,)d){UM!({e)), (2.5) 

if we let Uj’{e) := we have 

i*g^,)dU!)ie)=i’)ie)u!)ie), ( 2 . 6 ) 

for j = 1,... ,m. These eigenforms U^{e) belong to Lf' [M, g{e)). 


2.4. Proof of Theorem 12.11 for the Beltrami operator. We combine the 
perturbation result with the topological arguments of Albert to prove Theorem 

[231 

Proof. 

1. The setting. For a metric g E we label the eigenvalues iXnid) of the 

Beltrami operator *gd so that 

An+l(ff) ^ 

We define the following subsets of the metrics on M: 

Too := {g G Q''{M) I all eigenvalues of *g A2)nVc® simple} 

and 


Tn := {g E Q''{M) I the first n eigenvalues of *g 


are simple}. 


These subsets are nested so that 


Foo C • • • C r„ C F„+i C • • • C Fi C Fo = ^^M), 


hoc= n 

n=0 


and 
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By the stability of simple eigenvalues under small perturbations of the metric, 
each set r„ is open in Q^{M). Thus, to prove that Too is residual in it 

is sufficient to show that r„_|_i is dense in T^ for all n = 0 , 1 , 2 ,.... 

2. The density argument. Let 5 € T^ so that the first n eigenvalues of 

*gd : H^{M, Al) n ^ 

are simple. Suppose that the (n + 1)®* eigenvalue zA / 0 of *gd has multiplic¬ 
ity m, and define g{e) = g + eh for some h € S^{M). Theorem 12.21 implies 
there are m functions ^\{e),... real-analytic at e = 0 , and m functions 

Ui{e),... ,U^{€) analytic in at e = 0 such that the conditions of 

Theorem l2.2l hold. When e = 0, each set {C/f (0),..., Ul^{0)} forms an orthonor¬ 
mal basis of the eigenspace E{*gd,iX). This basis may depend on the choice of 
h E S'^{M) in the linear perturbation of the metric g{e) = g + eh. 

3. Variation with respect to the metric. We differentiate the eigenvalue equation 

*g(.)dU'}{e) = ii'^{e)U^ie), 

where U^{e) = UJJ^{e) E L‘^{M,A‘^,g{e), with respect to e and evaluate at 
e = 0 to obtain 


D{*d)g{h)u^{o)+*gd{u^yio) = ( 2 . 7 ) 

where (t/j*)'(0) E L‘^{M, A^) due to the analyticity in Theorem l2.2[ Introducing 
the notation = 17j*(0), we simplify (12.71) to 

Di*d)g{h)u’} + {*gd - iX){U^y{0) = ii£^y(0)u’;. ( 2 . 8 ) 

Since {u ^,..., u!^} is an orthonormal basis of the eigenspace E{*gd, iX), we take 
the inner product of (|2.8p with another eigenform u^. This results in 

= (D(.d),(ft)<.J,4), + {(.,d- iA)(t/'')'(0),t.‘),. (2.9) 

The last term on the right vanishes due to the skew-adjointness of the Beltrami 
operator and the eigenvalue equation. Consequently, we obtain 


iil’^ymdgk = {D{*d)g{h)u’},4)g. (2.10) 

We may express the inner product {D{*d)g{h)uj ,u^)g in local coordinates using 
Lemma O to obtain 




2 / 


--(trg h){u'})pq + g^^htp{uy)iq + g^^hqiu]] 


{u^)rs dg.g. 
( 2 . 11 ) 


We define a bilinear form S : S^{M) x L^(M, A^) —>• L^(M, A^) by 

[iS'(/l,'(c)]pq — —(tr^ K)Wpq -\~ g htpWlq g htqWpl (2.12) 

for h E Sy{M) and w E L‘^{M, A^). We may then express (|2.1ip more concisely 
as 


{i^y{0)6gk = X{S{h,U^),4)g. 


(2.13) 
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4. Change of basis. Our goal is to show that there exists an h € S^{M) such 
that 

(f5)'(0) 7^ (^)'(O) 

for some pair j, k G {1,... ,m}. This fact implies that under the metric per¬ 
turbation g{e) = g + eh iov e sufficiently small, the perturbed eigenvalues i£^{e) 
and of *g[e)d are distinct. While and i£^{e) are not guaranteed to 

be simple, they each have multiplicity less than m. To this end, assume to the 
contrary that (t'^)'(O) = (^^)'(0) for all h G S''{M) and all j,k G {!,...,m}. 
By (I2.13p . this assumption implies 

{S{h,v!j),v!-)g = {S{h,Uk),Uk), (2.14) 

{S{h,uj),u’^)g = 0, j^k (2.15) 

for all /i G 5’'(M). As previously noted, each set {ui,...,u^} forms an or¬ 
thonormal basis of E{*gd,iX), but we cannot assume that when 

hi / /i 2 . Let us therefore fix an orthonormal basis {ui,... ,Um} of E{*gd,iX). 
For a given h G we write each uj in terms of the basis elements 

{u^,...,u!^} as Uj = for constants Cj^i G C. The fact that 

{ui,..., Urn} and {uj*,..., u^} are both orthonormal bases of E{*gd, iX) im¬ 
plies 

m 

^jk ~ iUj,Uk)g = 'y ^ (2-16) 

e=i 

Combining (12.161) with ()2.14p and (I2.15P yields 

{S{h,Uj),Uk)g = Cj,l{S{h,Ui),Uk)g -\ - \-Cj^miS {h, U^), Uk)g 

= Cj^iCk,i{S{h,Ui),Ui)g + ■ ■ ■{S{h,u’^),u'^rr)g 

(OjjlCfcp “1“ ■ ■ ■ “1“ Cj^rnCk,m)(,S{h^ Uj ), Uj ')g 

= 6gkiSih,u’^),U^)g. 

Thus, for all h G S^{M), the elements in the orthonormal basis {ui,... ,Um} 
satisfy 

{S{h,Uj),Uj)g = {S{h,Uk),Uk)g, l^j,ki^m 

{S{h,Uj),Uk)g = 0, j ^ k. (2.17) 

5. Extension to 5£(M). For any T € S^{M), we define by 

hr = T - {tTgT)g. (2.18) 

With this choice, the bilinear form S defined in (I2.12p becomes 

[S{hT,Uj)]pq = -^[(trgT) - 5{trgT)]{uj)pg + g^^[Ttp - (tigT)gtp]iuj)iq 

+g^^[Ttq - (tl gT)gtg]{Uj)pl 

— 2(trg r)(uj)pij -|- g Ttp{uj)lq — {tlg T)[uj)pq g Ttg{uj)pl 
— (tr^ T)(uj)pg 

= Tptg*\uj)iq +{uj)pig^^Ttg. 
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By decomposing a complex symmetric (0,2)-tensor T G S^{M) into T = Ti + 
iT 2 for Ti,T 2 G S^{M), the linearity of Ht in T ()2.18p and relations (I2.17[) for 
real T imply {S{h^, Uj), Uj)g = {S{hT,Uk),Uk)g, for all T G 5^(M). Likewise, 
we obtain 

{S{hT,Uj),Uk)g = 0, j^k (2.19) 

for all complex tensors T G Sq{M). 

6. Unique continuation principle. Without loss of generality, we fix j = 1 and 
k = 2. Equation (I2.19h implies 

{S{hT,u^),U2)g = 0 ( 2 . 20 ) 

for all T G <S^(M). We apply Lemma 12.21 with w = ui. It follows from 
{*gd — iX)ui = 0 and the co-exactness of ui that = —{*gd)‘^ui = A^ui, 

so that ui is an eigenform of the Hodge Laplacian with eigenvalue A^. The 

unique continuation principle then states that Ui cannot vanish in any open 
subset of M mm- Consequently, the set 

^ = {S{hT,ui)\T€S^ciM)} 

is dense in by Lemma 12.21 Since ()2.20p implies U 2 is orthogonal to 

the dense set we obtain U 2 = 0 on M, contradicting the fact that U 2 is a 
normalized eigenform. 

7. Conclusion of the proof. By the above, there exists an /i G S'^{M) such that 
)'(0) / (f’fc)^(O) for some j, /c G {1,..., m}. Consequently, for all e > 0 small, 

the n + 1®* eigenvalue of the Beltrami operator *g(e)d has multiplicity at most 
m — 1, and the first n eigenvalues remain simple. Repeating the above argument 
as necessary, we obtain a metric g{e) = g + eh in L”'*'^ for e sufficiently small. 
Since g{€) can be taken arbitrarily close to g in the topology, we conclude 
that is dense in L”. Additionally, each L” is open in Q^{M), so we infer 
that 

OO 

Too = n Tn 

n=l 

is residual Q'^{M). Thus, for a residual set of metrics Too C the Beltrami 

operator acting on Hhas only simple eigenvalues. □ 

3. The Hodge Laplacian on co-exact 2-forms 

In this section, we apply the results on the generic multiplicities of the Bel¬ 
trami operator to the study of the eigenvalue multiplicities of the Hodge Lapla¬ 
cian acting on real co-exact 2-forms. 

3.1. Relation to the eigenvalues of the Beltrami operator. In order to 
determine the generic eigenvalue multiplicities of the Hodge Laplacian on co¬ 
exact 2-forms on a 5-manifold, we must determine the relationship between the 
eigenvalues and eigenforms of the Hodge Laplacian and those of the Beltrami 
operator. Onr next two lemmas hold in the more general setting of n = -|- I 

and k = 2i for some f G N and in particular apply when n = 5 and k = 2. 
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Lemma 3.1. Let M he a manifold of dimension n = 4£ + l for some £ G N, and 
let k = 2£. Let oj = a + ij5 be a nonzero complex k-form with a, fi ^ H^{M, A^). 
Then *gd(jj = iXuj if and only if 

*g da = —Xf3 and *g dfd = Aa. (3.21) 

Proof. First, suppose that oj = a + i/d € solves *gduj = iXoj. Then 

*gduj = iXoj 
*gd{a + ijd) = iX{a + ifd) 

*gda + i *g dp = —A/3 + iXa, 

so equating real and imaginary parts yields (I3.2ip . 

Conversely, suppose that a, /3 € A^) satisfy (|3.21l) . and let oj = a + ip. 

Then 

*gdoj = *gda + i *g dp = —A/3 + iXa = iX{a + i/3) = iXoj 
so that OJ is an eigenfunction of *gd with eigenvalue iX. □ 

Remark 1. It is important to recognize that condition (I3.2ip implies that a 
and P are nonzero, linearly independent forms over R. To see this, observe that 
P = ca implies 

c cP' 

P = ca = — *g dp = — *g da = —c^P, 

A A 

which gives c = ±i in contradiction to c G R. Even more notably, 

(a,P)g = —{*gdp, P)g = — — {P,*gdP)g = —{P,a)g 

reveals that 

ia,P)g = 0. (3.22) 

The next lemma follows from our observations in Lemma EH 


Lemma 3.2. Let M be a manifold of dimension n = M + 1 for some £ G N, 
and let k = 2i. Let a, P A^) n . If oj = a + iP is an eigenform of 

the Beltrami operator *gd with eigenvalue iX, then both a and /3 are eigenforms 
of the Hodge Laplacian Ag^'^ with eigenvalue X^. 

Proof. Let a,P ^ A^) n /C-*-®, and suppose w = a + i/3 is an eigenform 

of *gd with eigenvalue iX. By Lemma EH ct and /3 satisfy 

*gda = —A/3 and *g dp = Aa. 


Since a is a co-exact form, n = 4£ + 1 is odd, and k = 2i is even, 
A^^^a = —{*gd)‘^a = X *g dp = X^a. 

Similarly, 

aW/3 = -{*gdfp = -A *g da = X^P 

(k) 9 

so that a and /3 are both eigenforms of with eigenvalue A^. 


□ 
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3.2. Proof of Theorem II.2L Proof. By Theorem 12.11 there exists a residual 
set r of metrics on M such that the eigenvalues of the Beltrami operator 
*gd acting on n are all simple. Take g & T, and consider 

an eigenvalue > 0 of the restriction of A® to co-exact 2-forms. Let rj € 

A^) n be an eigenform of with eigenvalue so that 

- {*gdfg = X^rj. (3.23) 

Now, since maps (M, ) nto , we have *gdg = AC 

for some C S n Equation (13.231) then yields 

- *g d{XC,) = X^T] 

*gdC = -Xg 

so that C is in fact contained in H^{M,A‘^) n IC'^^. Since g and C together 
satisfy condition (j3.2ip . Lemma l3.II implies that (^ + ig is an eigenform of *gd 
with eigenvalue iX. It follows from Lemma 13.21 that C is also an eigenform of 
Ag^^ with eigenvalue A^. As mentioned in[Tl the eigenforms g and C are linearly 
independent, indicating that the eigenvalue A^ of A® has multiplicity of at 
least 2. 

To prove that A^ has a multiplicity of precisely 2, suppose that A^^V = A^r 
for some r G H‘^{M,A?) n . By our previous argument, there must exist a 
co-exact 2-form C G A^) n /C-*-® such that + ir is an eigenform of *gd 

with eigenvalue iX. Since g is contained in the residual set L, the eigenvalue 
iX is simple. Thus, f Air must be a complex multiple of the eigenform C + ig] 
that is. 


C + ir = {a + ib){C + ig) = {aC, - bg) + i{bC + ag) (3.24) 
for some a + ib G C. Equating the imaginary parts of equation ()3.24p gives 

T = b( + ag 

( 2 ) 

so that r is a linear combination of the eigenforms g and C of A^ '. Thus, 
A^ has multiplicity 2. We therefore conclude that for a residual set of metrics 
r C all eigenvalues of the restriction of the Hodge Laplacian A^ ' to 

iL^(M, A^) n /C-*-® have multiplicity 2. □ 

As an immediate consequence of the commutativity of the Hodge Laplacian 
and the exterior differential operator, we obtain an analogous result for exact 
3-forms. 

Corollary 3.1. Let M be a closed 5-manifold, and let r be an integer, r ^ 2. 

There exists a residual subset T of the space of all metrics on M such that, 

(3) 

for all g GT, the eigenvalues of the restriction of the Hodge Laplacian Ag to 
the space of exact forms in H‘^{M,A^) have multiplicity 2. 
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4. Conclusions: Multiplicities of Hodge eigenvalues on 

5-manifolds 


Let us summarize the situation concerning the generic multiciplities of the 

(k) 

nonzero eigenvalues of the Hodge Laplacian on a closed 5-manifold. Uh- 
lenbeck’s reults [22] ensures the generic simplicity of the nonzero eigenvalues of 
following operators: 


(i) Aft 

(ii) aW 

(iii) A<-' 

(iv) Af. 


restricted to exact 1-forms; 
restricted to co-exact 4-forms; 


The first statement, the generic simplicity of the nonzero eigenvalues of 
is Theorem 8 of [22j . The second statement follows from this and the fact that 
an exact 1-form has the form df, for a function /. The last two statements 
follow from Hodge duality. Moreover, Theorem 11.21 and Corollary 13.11 of the 
present work assert that there exists a residual set of C"” metrics such that the 
operators 


( 2 ) 

(v) Ag restricted to co-exact 2-forms, 

(S) 

(vi) Ag restricted to exact 3-forms 

have eigenvalues of multiplicity 2. In order to completely characterize the 
generic nonzero eigenvalue multiplicities of the Hodge Laplacian on a closed 
5-manifold, we also need information about the eigenspaces of the operators 


(vii) restricted to co-exact 1-forms, 

(viii) Ag ' restricted to exact 2-forms, 

/oX 

(ix) Ag ' restricted to co-exact 3-forms, 

(x) A^^'^ restricted to exact 4-forms. 

Since operators (vii)-(x) have isomorphic eigenspaces, it suffices to determine 
the eigenvalue multiplicities of the Hodge Laplacian restricted to co-exact 1- 
forms. It is unclear how to best approach this problem. On a 5-manifold, the 
Beltrami operator only maps the space of 2-forms to itself and hence only has 
eigenvalues when acting on 2-forms. Thus, the eigenvalue multiplicities of the 
Beltrami operator will not give insight into the eigenvalues of A^^^ on co-exact 
1-forms. A direct perturbation approach is possible but to obtain results similar 
to those in section [2l and Lemma 12.21 in particular, for the Hodge Laplacian, 
would be calculationally intensive. 
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